Introduction
In the classical single-period newsvendor problem, a retailer plans to sell a perishable product which has a stochastic demand with a known distribution (Zipkin 2000) . She needs to commit to an order quantity before observing the actual demand. The retailer incurs an underage cost for each unit of unsatisfied demand, and an overage cost for each unsold unit of product at the end of the period. Unsold units are discarded at the end of the period. The goal of the retailer is to choose an order quantity that minimizes the expected cost function C. If the demand distribution is known, then the optimal order quantity q * = min q≥0 C(q) is a well-specified quantile of the distribution (sometimes called the critical quantile).
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In reality, managers need to make inventory decisions without having complete knowledge of the demand distribution. Often, the only information available is a set of demand data. Nonparametric data-driven heuristics assume the demand data is a random sample drawn from the unknown demand distribution. Consider a random sample of size N drawn from the unknown distribution.
One popular nonparametric data-driven heuristic approach often used in practice is sample average approximation (SAA) (Homem-De-Mello 2000, Kleywegt et al. 2001 ). The SAA solution, which we denote byQ N , minimizes the cost averaged over the empirical distribution induced by the sample of size N , instead of the true expected cost C that cannot be evaluated. The SAA solution is equal to the sample critical quantile, which can be obtained by sorting the N samples in increasing value.
Note thatQ N is stochastic since its value depends on the random sample.
In many practical settings, there is either not enough demand data available or data is generated from an expensive procedure. Under these settings, it is useful to understand the underlying accuracy of a data-driven solution for a given sample size. The following are only a few examples of such settings: (i) A retailer is planning to introduce a new product, and the retailer may want to gather demand information for production and inventory planning purposes. One method is through conducting pilot experiments where the product is introduced in a few pilot stores. Setting up a pilot at a store is expensive, however the retailer can gather useful information to forecast demand. How many pilot stores and pilot weeks are sufficient for the retailer to gather enough demand information to have a production plan it can be confident with? (ii) When a fast fashion retail company, such as ZARA, introduces a new collection for the season, it waits to receive some initial set of sales samples. It then uses these samples to refine the estimation of demand to be used for quick production. The longer the demand-gathering period, the more accurate the demand forecasts. But shorter demand-gathering periods enable the company to plan smaller production batches, resulting in shorter lead time and quicker abilities to react to demand. (iii) A retailer is planning to introduce a new product. In order to gather information about the demand, the retailer designed a simulation model that is computationally complex, but can accurately simulate demand based on multiple factors. Due to the computational complexity of the simulation model, the retailer may choose to generate limited demand data points for planning initial production.
In this paper, we develop a probabilistic understanding of the accuracy of the popular data-driven SAA heuristic using a novel analysis. We asses the accuracy of the SAA heuristic using its regret, which is the difference between its cost C(Q N ) and the optimal cost C(q * ). The regret divided by C(q * ) is called the relative regret. The contributions and insights of the paper are outlined next.
Contributions and Insights
1.1.1. An Informative Probabilistic Bound. We derive a new analytical bound on the probability that the SAA solution has at most ϵ relative regret. This bound depends only on
Operations Research 00(0), pp. 000-000, c ⃝ 0000 INFORMS upper bound on the SAA's cumulative regret over N periods that is O(ln N ). A recent paper by Besbes and Muharremoglu (2013) shows that, in a repeated newsvendor setting where in each period an additional uncensored demand data point from a continuous distribution is revealed, there is no nonanticipating policy that achieves a worst-case cumulative regret smaller than O(ln N ). Based on our analysis, the policy of ordering the SAA solution in each period achieves a cumulative regret of O(ln N ).
1.1.5. Comparing SAA with Other Data-Driven Approaches. Finally, we conduct a computational study comparing the accuracy of the SAA method against another naive (but commonly used in industry) approach that first fits the sample to a specified distribution and then solves the newsvendor problem with respect to that distribution. The comparison is made based on the average single-period relative regret. In most cases, even when the critical quantile is high, the accuracy of the SAA method are on par or dominate those of the distribution fitting approach.
Moreover, when the sample is drawn from a nonstandard distribution (e.g., mixed normals), the distribution fitting method results in huge errors compared to the SAA method.
Literature Review
There exists a large body of literature on models and heuristics for inventory problems that can be applied when limited demand information is known. One may use either a parametric approach or a nonparametric approach. A parametric approach assumes that the true distribution belongs to a parametric family of distributions, but the specific values of the parameters are unknown.
In contrast, a nonparametric approach requires no assumptions regarding the parametric form of the demand distribution. The following are some examples of parametric approaches. Scarf (1959) proposed a Bayesian procedure that updates the belief regarding the uncertainty of the parameter based on observations that are collected over time. Liyanage and Shanthikumar (2005) introduced operational statistics which, unlike the Bayesian approach, does not assume any prior knowledge on the parameter values. Instead it performs optimization and estimation simultaneously. In another work, Akcay et al. (2009) propose fitting the sample to a distribution in the Johnson Translation System, which is a parametric family that includes many common distributions. Besides SAA, the following are other examples of nonparametric approaches proposed in previous work. Concave adaptive value estimation (CAVE) (Godfrey and Powell 2001) successively approximates the objective cost function with a sequence of piecewise linear functions. Bookbinder and Lordahl (1989) propose estimating the critical quantile of the demand distribution using the bootstrap method. The infinitesimal perturbation approach (IPA) is a sampling-based stochastic gradient estimation technique that has been used to solve stochastic supply chain models (Glasserman and Levi, Perakis and Uichanco: Data-driven Newsvendor Problem Operations Research 00(0), pp. 000-000, c ⃝ 0000 INFORMS 5 Ho 1991). Huh and Rusmevichientong (2009) propose an online algorithm for the newsvendor problem with censored demand data (i.e., data is on sales instead of demand) based on stochastic gradient descent. Another nonparametric method for censored demand is proposed by Huh et al. (2008) , based on the well-known Kaplan-Meier estimator. Robust optimization addresses distribution uncertainty by providing solutions that are robust against different distribution scenarios. It does this by allowing the distribution to belong to a specified family of distributions. Then one can use a max-min approach, attempting to maximize the worst-case expected profit over the set of allowed distributions. Scarf (1958) and Gallego and Moon (1993) derived the max-min order quantity for the newsvendor model with respect to a family of distributions with the same mean and variance. Another robust approach attempts to minimize the worst-case regret over the distribution family. Some recent works using a minimax regret criterion include Ball and Queyranne (2009) , Eren and Maglaras (2006) , Perakis and Roels (2008) , Levi et al. (2011) .
In general, the sample average approximation (SAA) method is used to solve two types of stochastic optimization problems. The first type of problems are those that are computationally difficult even though the underlying distribution is known (e.g. two-stage discrete problems where the expectation is difficult to evaluate due to complicated utility functions and multivariate continuous distributions). Sampling is used to approximate the complicated (but known) objective function. The resulting sample approximation leads to a deterministic equivalent problem (e.g. an integer program) that is finite, though possibly with a large dimension due to the sample size. Some analytical results about probabilistic bounds for SAA accuracy have been derived for two-stage stochastic integer programs (Kleywegt et al. 2001 , Swamy and Shmoys 2005 , Shapiro 2008 . It was shown by Kleywegt et al. (2001) that the optimal solution of the SAA problem converges to the true optimal value with probability 1. They also derive a probabilistic bound on the SAA accuracy that depends on the variability of the objective function and the size of the feasible region, however they observe it to be too conservative for practical estimates.
The second type of problems SAA is used to solve are problems whose objective functions are easy to evaluate if the distribution is known (like for the newsvendor problem), however the complication is that the distribution is unknown. Samples are used to estimate the unknown objective function.
The problem we are dealing with in this paper falls under this second category of problems.
The accuracy of the SAA solution for the newsvendor problem is analyzed by Levi et al. (2007) who derive a bound on the probability that its relative regret exceeds a threshold. This bound is independent of the underlying demand distribution, and only depends on the sample size, the error threshold, and the overage and underage cost parameters. Since it applies to any demand distribution, it is uninformative and highly conservative. It is uninformative since it does not reveal the types of distributions for which the SAA procedure is likely to be accurate. It is conservative
because, as we demonstrate in computational experiments later in this paper, the probabilistic bound in Levi et al. (2007) does not match the empirical accuracy of the SAA seen for many common distributions. We show later in Section 5 that the analysis of Levi et al. (2007) greatly underestimates the accuracy of the SAA method. Similar to the probabilistic bounds derived for the first type of problems using SAA, our bound is distribution-specific. However, our bound is significantly tighter compared to previously established bounds. Since the demand distribution is unknown, we use an optimization-based framework to derive probabilistic bounds for SAA accuracy that do not depend on any distribution-parameters.
There are other metrics that have been used in the literature to evaluate whether a data-driven heuristic converges to the true optimal solution. In a repeated setting where the decision-maker can adapt the policy based on new data, a popular metric is the cumulative regret over N periods (Flaxman et al. 2005 , Huh and Rusmevichientong 2009 , Besbes and Muharremoglu 2013 . A recent paper by Besbes and Muharremoglu (2013) shows that, if the demand distribution is continuous, no nonanticipating policy for uncensored demand can achieve a worst-case cumulative regret smaller than O(ln N ). However, since the adaptive policy by Huh and Rusmevichientong (2009) which uses the censored demand data to estimate a cost-decreasing direction achieves a cumulative regret that is O(ln N ), then both the censored and uncensored setting have a minimax cumulative regret that is O(ln N ). A corollary of our analysis in this paper is that the commonly-used SAA heuristic similarly achieves a cumulative regret of O(ln N ) for the uncensored demand setting.
Our results are also related to quantile estimation literature. This is because the SAA solution for the newsvendor problem is a particular sample quantile of the empirical distribution formed by the demand sample. The confidence interval for the quantile estimator are well-known (Asmussen and Glynn 2007) . However, unlike in quantile estimation, the accuracy of the SAA solution does not depend on the absolute difference between the true quantile and the quantile estimator. Rather it depends on the cost difference between the true quantile and the estimator. In our work, we find a relationship between the two types of accuracies.
Outline
This paper is structured as follows. In Section 2, we describe the data-driven single-period newsvendor problem and discuss the probabilistic bound on SAA's relative regret by Levi et al. (2007) .
Section 3 introduces a novel WMS-based analysis of the SAA relative regret. In Section 4, we introduce an optimization-driven bound on WMS and apply it to log-concave distributions. In Section 5,
we discuss the implications of the WMS-based bound: it closely matches the empirical behavior of SAA, and it implies that SAA achieves a cumulative regret of O(ln N ) in a repeated setting.
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The Data-Driven Newsvendor Problem
In the newsvendor model, a retailer has to satisfy a stochastic demand D for a single product over a single sales period. Prior to observing the demand, the retailer needs to decide how many units q of the product to stock. Only then is demand realized and fulfilled to the maximum extent possible from the inventory on hand. At the end of the period, cost is incurred; specifically, a per-unit underage cost b > 0 for each unit of unmet demand, and a per-unit overage cost h > 0 for each unsold product unit. The goal of the newsvendor is to minimize the total expected cost. That is,
The expectation is taken with respect to the stochastic demand D, which has a cumulative distribution function (cdf) F .
Much is known about the newsvendor objective function and its optimal solution (see Zipkin 2000). In particular, C is convex in q with a right-sided derivative
The optimal solution can be characterized through first-order conditions. In particular, if ∂ − C(q) ≤ 0 and ∂ + C(q) ≥ 0, then zero is a subgradient, implying that q is optimal (Rockafellar 1972) . These conditions are met by
which is the b b+h quantile of D, also called the critical quantile or the newsvendor quantile.
The basic assumption of the newsvendor problem is that the cdf F of the stochastic demand is known. If F is unknown, then the optimal order quantity q * cannot be evaluated. Let
. . , D N } be a random, independent sample of size N drawn from the true demand distribution, and let {d 1 , d 2 , . . . , d N } be a particular realization. Instead of optimizing the unknown expected cost, C(·), the SAA method optimizes the cost averaged over the drawn sample:
Based on the particular sample, the empirical distribution is formed by putting a weight of quantile of the random sample:
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Distribution-Free Analysis for SAA Accuracy
We first describe the analysis of Levi et al. (2007) , with the goal of highlighting its difference with the new WMS-based analysis presented in the next section. Levi et al. (2007) derive a bound on the probability that the relative regret of the SAA solution exceeds an error threshold. We show that, without additional assumptions, their bound can be improved.
An order quantity is called ϵ-optimal if its relative regret is no more than ϵ, where ϵ > 0. Let us denote the set of all ϵ-optimal order quantities as S ϵ (see Figure 1) . Levi et al. (2007) use the left and right one-sided derivatives of C, denoted by ∂ − C and ∂ + C, to define the following interval:
then show that S LRS ϵ ⊆ S ϵ (see Figure 1a) . Using large deviations results, specifically the Hoeffding inequality (Hoeffding 1963) , they derive a bound on the probability that the SAA solutionQ N solved with a sample size N has one-sided derivatives bounded by γ.
analysis gives the LRS probability bound (4).
Theorem 1 (LRS bound, Levi et al. (2007) ). Consider the newsvendor problem with underage cost b > 0 and overage cost h > 0. LetQ N be the SAA solution (2) with sample size N . For a given ϵ > 0, the SAA solutionQ N with sample size N is ϵ-optimal with probability at least
By using the Bernstein inequality (Bernstein 1927) , we are able to prove a tighter bound than (4). Unlike the Hoeffding inequality, it uses the fact that the SAA solution seeks to estimate the specific b b+h quantile. The proof is provided in the electronic companion to this paper.
Theorem 2 (Improved LRS bound). Consider the newsvendor problem with underage cost b > 0 and overage cost h > 0. For any ϵ > 0, the SAA solutionQ N with sample size N is ϵ-optimal with probability of at least
The improved LRS bound (5) depends on
. This is significant because in many important inventory systems, the newsvendor quantile . Hence, the improved LRS bound gives a significantly tighter bound on probability of an ϵ-optimal SAA solution. As an illustration, consider the SAA method applied to a newsvendor problem in which the service level increases from 95% to 99%. In order to maintain the likelihood of achieving the same accuracy, the LRS bound suggests that the sample size needs to be increased by 25 times. In contrast, the improved LRS bound suggests that the accuracy is maintained by a sample size that is only five times as large.
The analysis of Levi et al. (2007) yields a probability bound that is general, since it applies to any demand distribution. However, it is uninformative in that it does not reveal any relationship between the accuracy of the SAA heuristic and the particular demand distribution. Furthermore, the analysis is not tight since, as we will demonstrate in computational experiments in Section 5, it significantly underestimates the actual accuracy of the SAA solution in simulations. This is because the interval S LRS ϵ is typically very small relative to S ϵ (see Figure 1a ). In the next section, we develop a new and informative probabilistic bound on the relative regret of the SAA solution that identifies the important properties of the underlying demand distribution that determine the procedure's accuracy. This bound is significantly tighter than the previously known bound for the single-period newsvendor problem by Levi et al. (2007) .
Weighted Mean Spread-Based Analysis of SAA Accuracy
Suppose the demand is a continuous random variable with a probability density function (pdf)
f , which we assume to be continuous everywhere. (Later in Section 4, we will show that this assumption is automatically satisfied under some simple conditions.) LetC be the second-order
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Note that since a pdf exists, the cost function is twice differentiable. It is straightforward to verify
where ∆(q * ) is the absolute mean spread defined below.
Definition 1 (Absolute Mean Spread (AMS)). Let D be a random variable. We define the
Observe that ∆(q * ) is simply equal to b+h bh C(q * ). Consider an approximation to S ϵ using a sublevel set ofC (see Figure 1b) :
The superscript f is to emphasize that the interval is defined by the particular distribution f . The two endpoints of S f ϵ are:
S f ϵ is not necessarily a subset of S ϵ . However, by imposing a simple assumption on the pdf, we can
Observe thatC matches the first two derivatives of C at the point q = q * . Moreover,
For distributions that are unimodal or with support ℜ + , then Assumption 1 is satisfied when the newsvendor quantile b b+h is sufficiently large. values for which Assumption 1 holds under common demand distributions. In many important inventory systems, the newsvendor quantile is typically close to 1, so Assumption 1 would hold in a broad set of cases.
Recall that Theorem 2 gives a lower bound on the probability that the SAA solution (i.e., the b b+h sample quantile) lies in S LRS ϵ , implying that it is ϵ-optimal. However, in our new analysis, the SAA solution is ϵ-optimal if it lies in the interval S in Theorem 3, we prove a lower bound on the probability that this biased SAA solution lies in ∞) , implying that it is ϵ-optimal. The biasing of the SAA solution is to facilitate the proof of the probabilistic guarantee. However, we will show in Section 5 through empirical experiments that the probabilistic guarantee derived for the biased solution is also empirically accurate for the unbiased SAA solution.
Recall thatF N is the empirical cdf of a random sample of size N drawn from the demand distribution D. For some α ≥ 0, definẽ
Note thatQ α N is a random variable since its value depends on the particular realization of the random sample. The following theorem states that for an appropriately chosen bias factor α, the probability thatQ α N is ϵ-optimal can be bounded. The proof is found in the electronic companion.
Theorem 3 (Distribution-dependent bound). Consider the newsvendor problem with underage cost b > 0 and overage cost h > 0. LetQ
N is ϵ-optimal with probability at least 1 − 2U (ϵ), where
Note that we say that
= 1. Thus, in an asymptotic regime as ϵ → 0, the probability bound in Theorem 3 only depends on the distribution through the quantity
In particular, the data-driven quantityQ α N is more likely to be near-optimal when the sample is drawn from a distribution with a high value for ∆(q * )f (q * ). Next, we further formalize this insight through the following definition.
Definition 2 (Weighted Mean Spread (WMS)). Let D be a random variable. We define the
We briefly discuss the intuition behind the dependence of the bound (9) on the weighted mean spread. The AMS ∆(q * ) can be thought of as a measure of dispersion around q * . Note that the
How fast the slope changes depends on how fast the distribution changes around the neighborhood of q * . In other words, a distribution whose mass is concentrated around q * (i.e., has a small AMS) has a cost function C with a steeper slope around q * . This is illustrated in Figure 2 . The left plot shows the pdf of a Normal and a uniform distribution.
The right plot shows the relative regret (as a function of q) when b = h = 5 and the optimal order Newsvendor problem with (b = 5, h = 5) for a uniform and normal distribution.
quantity is 100 units for both distributions. The uniform distribution, which has a smaller AMS, has a steeper relative regret function. The decision of ordering 110 units has a larger relative regret under the uniform distribution. Hence, distributions with a small AMS value incur a larger relative regret for deviating from the optimal order quantity. On the other hand, the size of the confidence interval for the quantile estimator of q * is inversely proportional to f (q * ) (Asmussen and Glynn 2007) . Thus, if f (q * ) is small, a larger sample size is needed for the quantityQ N to be close (in absolute terms) to q * . Therefore, if a distribution has a small weighted mean spread ∆(q * )f (q * ), then the SAA solutionQ N is likelier to incur a large relative regret.
The new WMS-based bound predicts that the probability the SAA single-period relative regret exceeds ϵ decays exponentially in O(ϵ). This rate of decay is significantly faster than the best known bound by Levi et al. (2007) which predicts this probability to decay exponentially in O(ϵ 2 ).
However, computing the WMS-based bound requires information on the weighted mean spread of the underlying demand distribution. In the next section, we shall develop a new optimization framework to obtain a lower bound on the WMS for a family of distributions. Combined with Theorem 3, this results in a uniform probability bound for the SAA heuristic that is independent of distribution parameters when the demand distribution belongs to this family.
Optimization-Driven Bound on WMS
Suppose that the demand distribution f is such that it belongs to F, where F is a specified family of distributions. Suppose v * is a lower bound on the weighted mean spread ∆(q * )f (q * ) of any distribution in F. Suppose we choose to biasQ α N , as defined in (8), by the factor α = √ 2ϵbhv * +O(ϵ).
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With minor changes to the proof of Theorem 3, we can show that C(Q α N ) ≤ (1 + ϵ)C(q * ) with probability at least 1 − 2U * (ϵ), where
Note that both the bias factor and this new bound does not depend on specific parameters of the distribution beyond v * . That is, unlike the bound in Theorem 3 which depends on the weighted mean spread, this bound is independent of any distribution parameters.
We introduce an optimization framework to find a lower bound v * for a family of distributions F. This is accomplished by the following optimization problem:
Note that q * is a decision variable, but because of the second constraint, it is forced to take the value of the b b+h quantile. Hence, (10) finds a distribution in F with the smallest WMS at the b b+h quantile. Solving (10) or finding a lower bound v * on its optimal value provides a probability bound for the relative regret ofQ α N over all demand distributions that belong to F. In what follows, we will restrict our attention to the family of log-concave distributions L, which includes many of the distributions commonly used in inventory theory (Zipkin 2000) . We shall show that if F = L, then (10) can be solved in closed form. Moreover, the resulting probability bound on the relative regret incurred by the SAA solution is significantly tighter than the LRS bound (5).
Definition 3 (Log-Concave Distribution). A distribution f with support X is log-concave if log f is concave in X .
It is known that the Normal distribution, the uniform distribution, the logistic distribution, the extreme-value distribution, the chi-square distribution, the chi distribution, the exponential distribution, and the Laplace distribution are all log-concave for any respective parameter values.
Some families have log-concave density functions for some parameter regimes and not for others.
Such families include the gamma distribution, the Weibull distribution, the beta distribution and the power function distribution. Note that L is not characterized through any parameterization (i.e, it does not depend on distributional parameters such as moments that need to be estimated), but rather describes properties satisfied by many common distributions.
Log-concave distributions are necessarily unimodal (Chandra and Roy 2001) . Any distribution in this class must also have monotonic failure rate and reversed hazard rate (see Definition 4 below).
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Log-concave distributions have both an increasing failure rate (IFR) and decreasing reversed hazard rate (DRHR). Intuitively, this implies that the distribution falls off quickly from its mode.
When we introduced our new analysis in Section 3, we made the technical assumption that f is continuous everywhere. In fact, if f is log-concave, then it can have at most one jump discontinuity, and the jump can only occur at the left end-point of its support (Sengupta and Nanda 1997) .
Therefore, assuming that the demand distribution is log-concave automatically implies that this continuity assumption is also satisfied.
Probability Bound for Log-Concave Distributions
To solve (10) for log-concave distributions, we first solve a constrained version of (10). Specifically, for some γ 0 > 0 and γ 1 , fix the value of q * and add the constraints f (q * ) = γ 0 and
where ∂ log f (q * ) is the set of all subgradients of log f at q * . The following optimization problem is obtained:
Note that since the density value f (q * ) is fixed, the objective of the constrained problem reduces to minimizing the absolute mean spread ∆(q * ). The following lemma provides necessary conditions on values of γ 0 and γ 1 for the feasible set of (11) to be nonempty. The proof is provided in the electronic companion.
Lemma 1. Let f be a log-concave pdf. Suppose q * is the b b+h quantile with f (q * ) = γ 0 and γ 1 ∈ ∂ log f (q * ) for some γ 0 > 0 and γ
Solving the constrained problem (11) for log-concave distributions proves to be much simpler than solving (10). We shall first show that the optimal value of (11) is attained by an exponentialtype distribution. As a consequence, we are able to obtain a uniform lower bound for the WMS of any log-concave distribution. Particularly, we show that
To solve (11), we note that for a log-concave distribution f , specifying a value for a subgradient of log f bounds how fast the pdf f can grow or decay. This is formalized in the next lemma. The proof is provided in the electronic companion.
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In fact, the upper bound in Lemma 2 is sufficient to obtain the optimal solution to (11). The next lemma characterizes useful conditions that imply the AMS of one random variable D 2 is lower than another random variable D 1 . The proof is given in the electronic companion.
Lemma 3 (Domination Lemma). Let f 1 and f 2 be two pdfs, with respective cdfs F 1 and F 2 .
Suppose that f 1 (x) ≤ f 2 (x) for all x with f 2 (x) > 0, and that for some t, F 1 (t) = F 2 (t). Then
, where ∆ 1 and ∆ 2 are the respective AMS of f 1 and f 2 .
Finally, the following proposition constructs the optimal solution to optimization problem (11).
Proposition 1. Let L q * ,γ 0 ,γ 1 be the set of all log-concave distributions with b b+h quantile q * , and
where
Proof. Note thatf is log-concave and therefore belongs in the set L q * ,γ 0 ,γ 1 . The range off is well-defined since by Lemma 1, we have that
. From Lemma 2, we know that
Thus, by the Domination Lemma 3,f has a smaller AMS than any f ∈ L q * ,γ 0 ,γ 1 , and is therefore the optimal solution to problem (11). Q.E.D.
A graphical illustration of the distributionf in (12) is given in the electronic companion to this paper ( Figure EC .1). Finally, using the optimal value for problem (11), we are able to derive a uniform lower bound on the WMS of any log-concave distribution. To do this, we will need the following Lemma 4. The proof is provided in the electronic companion.
Lemma 4. Let β ∈ (0, 1) and η ∈ −
. Then, the following relationships are true:
Proposition 2. Suppose D has a log-concave pdf f , with b b+h quantile q * and AMS ∆(q * ). Then
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. From Proposition 1, the distributionf defined in (12) is the optimal solution of problem (11), which achieves the minimum AMS z * q * ,γ 0 ,γ 1
. We consider three cases. If
. If
. By applying Lemma 4 with η = , we find that in all three cases z * q * ,γ 0 ,γ 1
. Since f is a feasible solution of problem (11), we have that
Recall our original objective is to find the smallest WMS among distributions in the set L. To do this we partitioned the set into subsets L q * ,γ 0 ,γ 1 . The derivation of Proposition 2 implies that even solving the problem (11) restricted to a subset L q * ,γ 0 ,γ 1 , regardless of the value of γ 1 , the minimum absolute mean spread is always bounded below by a term that only depends on b, h and γ 0 . Hence, we are able to prove that
is a uniform lower bound on the weighted mean spread for any log-concave distribution. Finally, this implies a probability bound for log-concave distributions. The proof is in the electronic companion. 
We point out a few nonparametric tests proposed in the literature that check whether a sample has been drawn from a log-concave distribution. An (1995) proposes to test two necessary conditions for log-concavity. Another test proposed by Sengupta and Paul (2005) involves finding the Least Concave Majorant (LCM) to the log of empirical probability distribution function. The distribution is log-concave with high probability if the "distance" between the LCM and the log of the distribution function does not exceed a threshold.
Theorems 3 and 4 require that f (q) is decreasing for all q ≥ q * (Assumption 1). We can in fact use the log-concave statistical tests to check if this true. The advantage of the test by Sengupta and Paul (2005) is that it estimates the mode of the log-concave distribution (every log-concave distribution is unimodal). If the cumulative density at the estimated mode is significantly smaller than b b+h , then Assumption 1 holds with high probability. Levi 
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Finally, we would like to stress that the insights from our results are not limited to log-concave distributions. In fact, if we can find a lower bound on the weighted mean spread of any distribution family, then we can bound the relative error of the SAA procedure applied to a distribution in that family.
Implications of the WMS-Based Bound
In Section 3, we derived a bound on the probability that the SAA quantity is ϵ-optimal. This derivation uses a novel analysis that is based on a tight approximation of the set of ϵ-optimal quantities. In this section, we study the implications of this new bound. First, we test whether the new WMS-based bound can match the empirical accuracy of SAA better than the previous bound by (Levi et al. 2007 ). Second, we study whether the WMS-based bound predicts the empirical relationship between the relative regret and sample size or relative regret and weighted mean
spread. Third, we analyze the implications of the WMS-based bound on the cumulative regret of SAA over several time periods in a repeated newsvendor setting.
Empirical Accuracy of the SAA Heuristic
We conduct computational experiments to determine the empirical accuracy of the SAA heuristic.
In the experiments, 1000 random independent samples (with a sample size of N = 100) are drawn from a demand distribution. The respective SAA solutions {q 1 100 , . . . ,q 1000 100 } are computed, wherê q i 100 is the SAA solution corresponding to random sample i. We note that although the sample is drawn from specific distributions, the SAA solution is computed purely based on the resulting empirical distribution. The respective relative regret of the SAA solutions are {ϵ 1 , . . . , ϵ 1000 } where
. We refer to the fraction of sets that incur a relative regret less than the target ϵ to be the empirical confidence.
Using Theorem 2, we can infer the sample size required by the LRS bound to match the empirical confidence level. In the same experiment, we use Theorem 3 to infer the sample size required by the new WMSbased bound to match the SAA accuracy. The results are reported in Table 1 under the rows labeled N f . We observe that the sample sizes predicted using the WMS-based analysis are empirically significantly smaller than that of the LRS analysis. N LRS typically has an order of magnitude between 100,000 to 1 million, whereas N f is typically between 100 to 1,000. Hence, the new WMSbased analysis results in a theoretical guarantee that is a better match to the empirical accuracy observed for the SAA heuristic.
Empirical Regret-Sample Size and Regret-WMS Relationship
In the next set of experiments, we use regression analysis to estimate the empirical relationship observed between: (i) relative regret and sample size, and (ii) relative regret and weighted mean square.
We empirically estimate the regret-sample size relationship by estimating parameters C, k in the . The 90% quantile of the errors is denoted by ϵ N .
We perform the regression using the data {(100, ϵ 100 ), (200, ϵ 200 ), . . . , (1000, ϵ 1000 )}. Table 2 shows the estimated parameters as well as the R 2 value. From Table 2 , all estimates for k are close to -1, and the estimated power function is almost a perfect fit to the data (since R 2 is close to 1). Thus, Levi, Perakis and Uichanco: Data-driven Newsvendor Problem Operations Research 00(0), pp. 000-000, c ⃝ 0000 INFORMS Table 2 Regression analysis of ϵ = CN Table 3 Regression analysis of ϵ = C {∆(q Similar to the previous experiments, we estimate the empirical relationship between regret and the weighted mean spread by estimating the parameters C, k in ϵ = C{∆(q * )f (q * )} k using a regression model on error data from SAA applied to different distributions with varying WMS values. We fix a 90% confidence level and a sample size N . We consider a pool of ten distributions, i.e., the five distributions in Table 2 each under two values of the newsvendor quantile, 0.9 and 0.95 (note that the WMS value depends on the newsvendor quantile). Let ω i be the weighted mean spread of distribution i. A total of 1000 independent samples of size N are drawn from distribution i. We denote by ϵ i the 90% quantile of the errors of the 1000 SAA solutions. We perform the regression using the data {(ω 1 , ϵ 1 ), (ω 2 , ϵ 2 ), . . . , (ω 10 , ϵ 10 )}. The results of the regression are reported in Table 3 for different values of N . Based on the results, the R 2 value is close to 1, signifying that empirically there is a strong inverse relationship between the weighted mean spread and the relative regret. Hence, the WMS-based bound matches the empirical relationship of regret and WMS since it predicts, ceteris paribus, that regret is inversely proportional to the distribution's weighted mean spread.
Cumulative Regret of SAA in a Repeated Newsvendor Setting
In a repeated newsvendor setting, where policy adapts based on additional demand information, a metric to evaluate the performance of a data-driven policy is the cumulative regret it incurs over consecutive time periods. Based on the WMS-based probabilistic bound for the single-period relative regret of the SAA, we can derive a bound on the cumulative regret of the SAA over N periods which is O(ln N ).
Operations Research 00(0), pp. 000-000, c ⃝ 0000 INFORMS Note that the single-period regret of the SAA solution is a nonnegative random variable. Hence, we can compute a bound on the expected single-period regret by integrating the WMS-based probabilistic bound over all thresholds ϵ > 0. That is, suppose that an additional demand data is revealed in each period, then the expected regret of the SAA heuristic at time period t is
where the inequality results from applying the WMS-based bound in Theorem 3. Hence, the cumulative regret over N periods is:
Hence, an implication of our analysis for the single-period regret implies that the SAA achieves an cumulative regret over N periods that is O(ln N ).
In a recent paper, Besbes and Muharremoglu (2013) show that if the demand distribution is continuous, then for any nonanticipating policy on uncensored demand, the worst-case cumulative regret cannot be smaller than O(ln N ). Hence, based on our upper bound (15), we conclude that the policy of ordering the SAA quantity in each time period results in a cumulative regret of O(ln N ), which matches the minimax cumulative regret derived by Besbes and Muharremoglu (2013) .
This might seem surprising since under the censored demand setting, where the decision-maker has less information, Huh and Rusmevichientong (2009) introduce an adaptive data-driven policy (based on estimating the gradient from the censored demand) which incurs a cumulative regret that is also O(ln N ). However, as is shown in Besbes and Muharremoglu (2013) , when demand is continuous, the minimax regret of both censored and uncensored demand cases is O(ln N ). As they state in their paper, "To achieve the best rate of growth of the minimax regret one does not need to actively explore, as a stochastic direction of cost improvement is available even when the demand samples are censored, and as a result, one may apply stochastic gradient type algorithms such as the [Huh and Rusmevichientong (2009) ] policy." We are able to show using our analysis that the commonly-used SAA approach similarly matches the cumulative regret O(ln N ) of the stochastic gradient policy.
In our analysis of the SAA solution, we had to assume that demand is continuous in order to approximate the ϵ-optimal set using Taylor series expansion around the critical quantile. Hence, the SAA's cumulative regret of O(ln N ) only holds for continuous demand distributions. When the Levi, Perakis and Uichanco: Data-driven Newsvendor Problem Operations Research 00(0), pp. 000-000, c ⃝ 0000 INFORMS 21 demand distribution is discrete, Besbes and Muharremoglu (2013) are in fact able to show that the cumulative regret of the SAA policy does not depend on the number of time periods N . This is because when the support is discrete, one may identify the critical quantile exactly with very high probability, whereas for a continuous support, it is only possible to do so up to some error.
Empirical Comparison to Other Data-Driven Heuristics
In this section, we conduct computational experiments to compare the empirical accuracy of the SAA solution vis-á-vis other data-driven heuristics, and how accuracy of both methods compare.
The SAA heuristic estimates the unknown demand distribution with the empirical distribution formed by the sample. Another popular data-driven heuristic is a distribution-fitting approach.
This heuristic infers the true distribution by fitting the sample to a distribution family the true distribution is assumed to belong. For instance, a common practice is to assume demand is normally distributed, and the sample is used to estimate its parameters. The argument for a distributionfitting approach is that the tail of the distribution cannot be accurately approximated by the empirical cdf. Hence, when the critical quantile is close to 1, a distribution-fitting approach results in smaller ordering errors by hopefully better approximating the distribution tail. However, the distribution-fitting approach is sensitive to the specification of the distribution family. That is, if the true demand distribution is non-normal, then fitting the sample to a normal distribution might potentially result in a suboptimal order quantity. However, to reduce this risk it is possible to use distribution-fitting softwares, such as EasyFit, which finds the distribution that "best" fits the sample. EasyFit in particular has more than 50 distributions in its database, and chooses the distribution that has the smallest Kolmogorov-Smirnov statistic (based on the largest difference between the fitted distribution and the empirical cdf).
Consider the following experiment. A random sample is drawn from one of the following distributions: (i) an exponential distribution with mean µ = 100, (ii) a Normal distribution with mean µ = 100 and standard deviation σ = 100, (iii) a Pareto distribution with scale parameter x m = 1 and shape parameter α = 1.5, (iv) a scaled beta distribution with range [0, 50] and shape parameters α = 5, β = 1, and (v) a mixture of three Normal distributions where µ = (100, 500, 1000), the standard deviation for each is σ = 100 and the weight vector is w = ( ). The drawn sample is used to generate two order heuristics. The first is the SAA order quantity, which is simply the , 100 random samples of size N are drawn from a specific distribution. For the k th sample, the order quantity 
. The average relative error of the heuristic is the average of {ϵ 1 , . . . , ϵ 100 }. Tables EC.2, We first analyze the effect of the shape of the distribution on the inaccuracy of the SAA method and the Best Fit method. Table EC.6 shows the average errors of the methods when the samples are drawn from a nonstandard distribution: a mixture of three Normal distributions. Note that when the sample size is at least 50, the average errors of the SAA heuristic is small (less than 5%, and in most cases less than 1%). The largest average error of the SAA heuristic is about 10%.
However, the Best Fit method (which fits the data to standard distributions with at most two modes) show instances when the errors are 25% or even 30%. This suggests that, overall, the SAA method can handle nonstandard distributions better than the Best Fit heuristic, especially if the available demand data is limited.
We next observe the effect of the sample size on the accuracy of the two heuristics. The cases when the inaccuracy of the solution from the SAA method is most apparent is when the newsvendor quantile is large, e.g. = 0.99, while the sample size is small. In fact, we observe that when estimating a quantile that corresponds to a rare event (characterized by a small density), the sample size must be sufficiently large (usually N = 100 or more) for the average errors to be small. When N = 200, the average errors are uniformly small for all distributions.
Conclusions
The sample average approximation (SAA) method is a simple and powerful tool for solving stochastic optimization problems without knowing the distribution. It relies only on observing a sample drawn from the true distribution. Due to its simplicity, it is often used in practice when solving distribution-free stochastic optimization problems. This work derived a bound on the probability that the SAA solution applied to the newsvendor problem has a relative regret exceeding a specified threshold. The bound was derived through a novel analysis which approximates the set of ϵ-optimal solutions to the newsvendor model through gradient information. Unlike the distributionfree bound of Levi et al. (2007) , the new bound derived in this work depends on the demand distribution's weighted mean spread (WMS). Hence, it is significantly tighter and can match the empirical accuracy of the SAA observed in many computational experiments. We also derived a distribution parameter-free bound for the family of log-concave distributions using an optimization framework which minimizes the WMS over the family. This optimization framework can be Levi, Perakis 
Proofs, Tables and Figures
In this electronic companion to the paper, we provide proofs of the theorems and lemmas. This companion also contains several accompanying tables and figures to the paper. 
Distribution
When is Assumption 1 satisfied? Notes 
EC.1. Proof of Theorem 2
As a preliminary for the proof, let us first state a version of Bernstein's inequality (Bernstein 1927 ):
Theorem EC.1 (Bernstein's inequality). Let X 1 , X 2 , . . . , X N be i.i.d. random variables such that |X 1 | ≤ c almost surely, and Var(X 1 ) = σ 2 . Then, for any t > 0,
For the proof of Theorem 2, we will require the following proposition.
Proposition EC.1. SupposeQ N is the b b+h quantile of a random sample from D with size N .
Then, for any γ > 0,
Proof. LetF be the complementary cdf of D, i.e.,
For a random sample
For simplicity, define α γ b+h and β b b+h
To prove Proposition EC.1, we need to find an upper bound for Pr(B) and for Pr(L).
Define the quantile q 1 inf{q :
, where
. Thus, we have that
. Note also that B ⊆B, thus Pr(B) ≤ Pr(B).
From the definition of q 1 , observe that for every k ≥ 1, there exists ε k > α such that
Thus, we have that
where (EC.2) follows from Bernstein's inequality and (EC.3) follows from inequality (EC.1). Now, since ε k > α, for all k ≥ 1, we have that
Thus, Pr(B) ≤ Pr(B) ≤ δ. In fact, by going through a similar argument, we can show that Pr(L) ≤ δ.
Thus, by the union bound, we have that
proving Proposition EC.1. Q.E.D.
We can now proceed with the proof of Theorem 2. Note that S .
EC.2. Proof of Theorem 3
Since C is convex, S f ϵ ∩ [q * , ∞) can be equivalently expressed as {q :
which follows from Taylor series approximation and from the definition of q in (7).
To prove Theorem 3, note that the event thatQ 
Note that sinceF N is monotonically increasing, it follows that B k ⊆ B k+1 . Thus, ifB is the limiting event of the sequence of events
. Note also that B ⊆B, thus Pr(B) ≤ Pr(B). Therefore, to bound Pr(B), we only need to find a uniform upper bound for Pr(B k ).
Note that for any k ≥ 1, there exists ε
From Bernstein's inequality, we have that
where the inequality follows when 1 − β − γ ≥ 0. Hence, for all k ≥ 1,
Since α = C ′ (q), from (EC.4) we have that
Now, let us bound the probability of
Thus, ifL is the limiting event of the
. Note also that L ⊆L, implying that Pr(L) ≤ Pr(L). Therefore, to prove a bound on Pr(L), it is sufficient to prove a uniform upper bound on Pr(L k ).
Note that for some ϵ k > 0, we have thatF
Finally, from Bernstein's inequality, we have that
. Therefore, we have that for all k ≥ 1,
Summarizing from (EC.5) and (EC.6), we have that
EC.3. Proof of Lemma 1
Denote by ∂ − g(x) (or ∂ + g(x)) the left-side (or right-side) derivative of a function g at x. The failure rate and reverse hazard rate is given byr(x) =
. Since f is a log-concave e-companion to Levi, Perakis and Uichanco: Data-driven Newsvendor Problem ec9 distribution, it has an increasing failure rate. This implies that logr(x) = log f (x) − log(1 − F (x)) is increasing, and ∂ − logr(x) ≥ 0 for all x. Thus,
A log-concave distribution also has a decreasing reversed hazard rate. This implies that log r(x) = log f (x) − log F (x) is decreasing and ∂ + log r(x) ≤ 0 for all x. Thus,
Combining (EC.7) and (EC.8), we have that
EC.4. Proof of Lemma 2
Note that since log f is concave, then log f (x) ≤ log γ 0 + γ 1 (x − t), for all x such that f (x) > 0.
Taking the exponent on both sides proves our result.
EC.5. Proof of Lemma 3
Note that
With the same technique, we can also prove that
Combining these results proves the lemma.
EC.6. Proof of Lemma 4
We first introduce the following notation:
We need to prove that each of the three functions are nonnegative.
1. Let us prove the result for G. First, we prove the result for the case when β ≥ 1 2
. Note that
The derivative is nonnegative if and only if
Note that for α ≥ 0,
and non-increasing in α ≤ 0. Since at α = 0, this function is zero, then G(α) ≥ 0 for all α. Now we can also prove the result for β ≤ 1 2
, if we define the functionβ = 1 − β ≥ 1 2
andG(α) = G(−α).
Q.E.D.
2. Let us prove the result for U . The result is true if and only if − log β ≥ 1 − β. Note that − log β is a convex function of β, thus the linear approximation at β = 1 (i.e., the function 1 − β) bounds it from below. Q.E.D.
3. Let us prove the result for L. Definingβ = 1 − β, note that L(β) = U (β) ≥ 0, which follows from (2).
EC.7. Proof of Theorem 4
Recall that if
then it follows from Proposition 2 that α ≤ C ′ (q) when the demand distribution is log-concave.
This implies that
Thus, we only need to derive a lower bound on the probability of the left-hand side event to prove Theorem 4. Modifying the proof of Theorem 3 by letting α = 2ϵbh 
For simplicity, define α , where
Note that sinceF N (q 1 − τ k ) ≤F N (q 1 − τ k+1 ), then it follows that B k ⊆ B k+1 . Thus, we have that B k ↑ lim k→∞ B k B , which implies Pr(B k ) ↑ Pr(B). Note also that B ⊆B, thus Pr(B) ≤ Pr(B).
From the definition of q 1 , observe that for every k ≥ 1, there exists ε k > α such that F (q 1 − τ k ) = β − ε k < β − α. Note that
Note that sinceF N is monotonically increasing, it follows that B k ⊆ B k+1 . Thus, ifB is the limiting event of the sequence of events {B k } ∞ k=1 , then B k ↑B, implying that Pr(B k ) ↑ Pr(B). Note also that B ⊆B, thus Pr(B) ≤ Pr(B). Therefore, to bound Pr(B), we only need to find a uniform upper bound for Pr(B k ).
Note that for any k ≥ 1, there exists ε k > 0 such that F (q * − τ k ) = β − ε k . Thus,
2F (q * − τ k )(1 − F (q * − τ k )) + e-companion to Levi, Perakis and Uichanco: Data-driven Newsvendor Problem SinceF N is nonincreasing, then it follows that L k ⊆ L k+1 . Thus, ifL is the limiting event of the
Note that for some ϵ k > 0, we have thatF (q 0 + τ
Finally, from Bernstein's inequality, we have that 
EC.3. Proof of Lemma 1
Denote by ∂ − g(x) (or ∂ + g(x)) the left-side (or right-side) derivative of a function g at x. The failure rate and reverse hazard rate is given byr(x) = f (x) 1−F (x) and r(x) = f (x) F (x)
A log-concave distribution also has a decreasing reversed hazard rate. This implies that log r(x) = log f (x) − log F (x) is decreasing and ∂ + log r(x) ≤ 0 for all x. Thus, 
EC.4. Proof of Lemma 2
EC.5. Proof of Lemma 3
Note that d dx
F 2 (x) by our assumption that f 1 (x) ≤ f 2 (x). Moreover, since F 1 (t) = F 2 (t), then F 1 (x) ≥ F 2 (x) for all x ≤ t and F 1 (x) ≤ F 2 (x) for all x ≥ t. Note that
Pr(D 1 > t + s|D 1 > t)ds, = 1 1−F 1 (t) ∞ 0
(1 − F 1 (t + s))ds, ≥ 1 1−F 2 (t) ∞ 0
(1 − F 2 (t + s))ds, = E(D 2 − t|D 2 > t)
With the same technique, we can also prove that E(t − D 1 |D 1 ≤ t) ≥ E(t − D 2 |D 2 ≤ t). Combining these results proves the lemma.
EC.6. Proof of Lemma 4
. Note that G ′ (α) = log 1 + α(1 − β) 1 − αβ − 2(1 − β)α.
